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Abstract

The focus of this article is on nonlinear time varying coefficient models when the covariates and coefficient
components are weakly, nearly, or possibly purely integrated time series processes. Local linear fitting is
used to derive coefficient estimators along with their asymptotic distributions. The rates of convergence for
the estimators is shown to differ based on whether stationary, weakly, nearly, or purely integrated covariates
are being modelled. Similar conclusions also hold for the derived optimal bandwidth parameters.
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1. Introduction

Functional time varying coefficient models are becoming increasingly prominent amongst both theoretical
and empirical econometricians. Particularly appealing features of these models are their capacity to attenu-
ate the curse of dimensionality and their flexibility in accommodating nonlinear phenomena in economic and
financial time series data. Indeed, much has been written on these models with stationary and deterministic
trend components; see for example Robinson (1989), Chen and Tsay (1993), Park and Hahn (1999), Cai
et al. (2000), and Cai (2007) among others. In contrast, theoretical consideration of time varying coefficient
models with nonstationary covariates and varyinf coefficient components is still an open area of research. In
this regard, the recent progression of contributions includes Xiao (2009) who studies the model with possi-
bly integrated regressors and stationary varying coefficient components and Cai et al. (2009) who consider
the case when the varying coefficient components are stationary and the regressors are possibly integrated.
More recently still, the contributions of Gao and Phillips (2013) and Sun et al. (2013) extend these varying
coeflicient models to also accommodate possibly integrated series in both regressors and varying coefficient
components. On the other hand, apart from a working paper by Cai and Wang (2008), very little has
been done in the way of varying coefficient models with nearly integrated variables. Accordingly, in order
to bridge this gap in the literature, the focus of this paper is on the popular varying coefficient regression
model

}/;5 :B(Zt)TXt-FGt, 1 §t§n (1)

where Y;, and ¢; are scalars, Z; is possibly nearly or purely I(1), and X; = (Xy1,..., Xq) " is a d-dimensional
vector of nearly, weakly in the sense of Park (2003), and purely I(1) covariates. Conformingly, 5(-) is a
d x 1 column vector function, and the superscript T denotes a matrix transpose. Although extending the
model above to accommodate multivariate Z; is conceptually straightforward, it is nonetheless notationally
cumbersome and so henceforth Z; is assumed to be univariate. Moreover, local linear estimation is used
to derive coefficient estimates and their asymptotic properties are derived using technical results in Phillips
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(2009), Wang and Phillips (2009) and Gao and Phillips (2013).

The rest of the paper is organized as follows: the next section considers the time varying coeflicient model
in equation (1) when Z; is stationary and X; consists of stationary, nearly (possibly weakly) integrated, and
purely integrated covariates. Section 3 analyzes the underlying model when Z; is nearly (possibly purely)
I(1) and X; is a nearly integrated process. Section 4 concludes. All proofs are contained in the appendices.

2. Models with Stationary Z;

The first model which is analyzed considers the case when a subset of X; is weakly (or nearly, possibly even
purely) integrated in the sense of Park (2003), and Z; is strictly stationary. In particular, this model assumes
that X; = [XtTl, XtTQ, XtTg]T where Xy; is a d;-dimensional column vector, d; + do + d3 = d, X;; is stationary
with first component identically one, X;o is weakly (or nearly) I(1), and X;3 is a pure I(1) process. The
model will also assume that when X;o enters as a weakly integrated covariate it will enter as a univariate
process with d3 = 0. Moreover, if X;5 is a nearly integrated process and ds = 0, it will be assumed that X,
enters as a multivariate process with da > 1. On the other hand, when X, is nearly integrated process and
da,ds # 0, the model will assume that dy = d3 = 1. Otherwise, if do = 0 and ds # 0 then X;3 enters as a
multivariate I(1) process with ds > 1. In either scenario, the coefficient function is conformingly expressed
as B(Z) = [B1(Z) T, B2(Z¢) T, B3(Z;) T]T and the model in equation (1) is re-expressed as:

Y, = B(Zt)TXt + €
=Bi(Z) " X1 + Bo(Z0) " Xpo + B3(Zy) " X+, 1<t<nm (2)

The model further assumes €;’s to be innovations with respect to both X; and Z;. This assumption which
is formalized as E(e;| X3, Z;) says that X; and Z; are uncorrelated with e;. Note further that Y; is allowed
to be stationary or nonstationary.

2.1. Local Linear Estimation

A powerful technique for handling nonlinear statistical models is local linear fitting. As demonstrated in Fan
and Gijbels (2003), Fan (2003), and Li and Racine (2007), local linear fitting is particularly appealing for
its high statistical efficiency in an asymptotic minimax sense, design-adaptation, bias reduction, and auto-
matic boundary effect correction. Accordingly, 5(+) is estimated using local linear fitting from observations
{(Xy, Z,, Y1)}, In particular, under the assumption that () is twice continuously differentiable, 3(Z;) is
locally approximated as 3(z) + 8 (2)(Z, — z) for any grid point z, where 3(*) = d*3(z)/dz*. Furthermore,
the vector of parameter estimates is defined as

) R~ 2
(9(1)> = arg r;nnz (Vi — 00 X¢ — (2 — 2) 0] X4 Kn(Zy — 2) (3)
0,Y1 t=1

where Kj,(u) = h 'K (u/h) and K(-) is a kernel function satisfying Assumptions 5 (f) and (g), B0 = B\(z) is
an estimate of 3(z) and 6; = (1) (2) estimates (1) (2). The latter two estimators can now be expressed as

-1

where A®2 = AAT(A®! = A) for any vector or matrix A.



2.2. Notations and Assumptions

Consider first the weakly integrated process defined as X2 = aX;_1,2 + n where @ = 1 — m/n, the sample
size is n, and m is a function of n satisfying m/n — 0 as n — co. Moreover, 7; is assumed to be a mean
zero 1(0) linear process 7, = m(L)u; = Y_; mpus—k with longrun variance oy = 7(1)*Eu; and satisfying

Assumptions 1.
(a) S 2eoklmi| < 0o and Elu|P < oo for some p > 2.

(b) The distribution of {u} is absolutely continuous with respect to the Lebesgue measure, and has char-
acteristic function ¢, for which lim;__,o t9¢,(t) = 0.

Note that this framework interprets X;s as a general linear process with a weak unit root with the autoregressive-
weakly-integrated-moving-average (ARWIMA) process as a special case. Moreover, this construction implies
that although « tends to unity for all functions of m, the rate of convergence will depend on the exact func-
tional form of m. In particular, the process assumes that m — oo as n — oo and therefore whenever m is
not a constant it is clear that o tends to unity at a rate slower than n~=!. This is in contrast to the classical
near unit root case of Phillips (1987) where m = ¢ for some constant ¢ > 0 and « converges to unity at rate
n~!. When this is indeed the case, the model under consideration will assume the (possibly multivariate)
form X = (1— C/n)Xt,1)2 + 1 where 7; is a mean zero stationary strong mixing process with variance X,
and satisfying one of the following two conditions:

Assumptions 2.
(a) For some 6, > 0, E|n;|**% < 0o and Yo (k) k2H0)/%0 < oo,

(b) For some v, > 2+0, with 0 < §, <2 and A = M\ (6,) > 0, Bl < 00 and 350, au(k)Y/ CHE)=1/7 <

@]

Similarly, when o = 1 and the pure I(1) process is modelled as the unit root process X3 = X;_1 3 + wy,
assume {w;} has variance 3, and satisfies one of the following:

Assumptions 3.
(a) For some 04 > 0, Elw;|*T% < 00 and Y 5o, a(k)kZ+)/% < oo,

(b) For some vy, > 2+0, with0 < &, <2 and A\, = A\ (6,) > 0, Elw,["* < 00 and Y pe au(k)Y/ o)1/ <
o

Finally, observe the following processes associated with X;» and Xis.



an(T) = nil/QXl_nTJ,Q

or (5a)
Ven(r) = n" 2 X ) 2
Von(r) =02 X ) 5 (5b)
Volr) = [ explome = )dvia(s)
or (5¢)
Vie(r) = /OT exp(—C(r — 5))dV, 0(s)
Vi (r) = vVimVym (%) (5d)

where r € [0, 1], | z] denotes the largest integer which does not exceed z, C'is a da-dimensional diagonal ma-
trix diag {c, ..., c}, Vy0 is a da-dimensional (d2 = 1 in the case of V;, ,,) multivariate (univariate) Brownian
motion process with covariance matrix >, which reduces to o% in case of the weakly integrated construc-
tion, and V;, ,,, and V,, . are respectively the univariate and d»-dimensional multivariate Ornstein-Uhlenbeck
processes which collapse to Brownian motions on [0,1]2 and [0, 1] respectively when m = ¢ = 0. Finally,
the normalized process V;(r) is an Ornstein-Uhlenbeck process with unit parameter and stable marginal
distribution which approaches N (0, 02 /2) as r — o0, and the density of which will be denoted as D. Note
further that for any fixed m > 0, as n — oo,

an —d Vi ,m (6&)
Ven —d Vipe (6b)
Von —a Vw0 (6¢)

where — 4 denotes convergence in distribution and V,, o is a Brownian motion on [0, 1]d3 with covariance
matrix ¥,. Both results can in fact be strengthened further under Assumptions 1 to 3, and appropriate
probabilistic embeddings of V., (Ver) and Vi, (Vi) and Vg, and V,, o respectively, on common respective
probability spaces so that

sup |an(7‘) - me(r)’ =0, (n71/2+1/p> +0, (mnil) (7a)
0<r<oo
sup ||‘/cn(7") — VT]7C(T)|| = Oa.s. (n71/2+1/(2+6*) log)\* (TL)) (7b)
0<r<oco
sup || Vo (r) = Vao(r)|| = Ous. (n71/2+1/(2+6*) log™* (n)) (7¢)
0<r<oco
for large n, uniformly in m such that m/n — 0 as n — oo, where | - | is the uniform norm, and || - || is

the Ly norm in R% and R% in equations (7b) and (7c), respectively. The particular appeal of these result
is that V. (V;,c) approximates Vi, (Ven) and Vo approximates Vp, with negligible error for all large
n. In other words, all asymptotics for X5 can be derived from the asymptotics of functionals of V,, ,,, or
Vi,e, and similarly for X;3. Moreover, the asymptotic results which follow will frequently exploit the local
times L, (r, z) of the normalized process V;(s) in equation (5d) and the local times L, (r, z) of the Brownian
motion process V,, o(s). Roughly speaking, the local time measures the length of time, up to time r, a
diffusion process spends in an immediate neighbourhood of x. Formally, it is defined as



L,(r,z) = lim 1/0T1{|Vn(s):17|}ds

5—0 20
T

Moreover, the m-asymptotics which characterize the weakly integrated process of interest here will be
handled using the function

which, as shown in Park (2003), satisfies

Dy(x) = D(z) + o(m™?logmloglogm) a.s.

uniformly over any compact interval, and for any k > —1,

/ |33|kDm(m)dx — s, / |.’L‘|kD(fL')d$

— 00 — 00

Consider next the class of asymptotically homogeneous functions studied in detail in Park and Phillips (1999,
2001); Park (2003).

Definition 1. Let F: R {0} — R. F is said to be regular if, for any § > 0 sufficiently small, it satisfies
that

1. for all || > & and |v —y| < §/2, |F(z) — F(y)| < Kaplz — y| with Kap(z) = K(1 + |2|*)(1 + |z]*),
where a > 0,b < 0 and K are some constants not depending upon §, and

2. for all |z| <6, |F(z)| < K|z|® with some constants ¢ > —1 and K independent of §.

F is said to be reqular in the second order if both F and F? are reqular.

Definition 2. A function H : R — R s said to belong to the class of asymptotically homogeneously
functions if and only if

H(\z) = k(\)F(x) + R(z, \)
provided

1. F(-) is regular in the second order, and

2. |R(z, )\)| <v(AN)Q(x) for all X sufficiently large and for all x over any compact set where v(\)/k(\) —
0 as A — oo and Q(-) is regular in the second order.

Introduce next the series {v;} and consider the following set of assumptions.



Assumptions 4. Let {v:} be a martingale difference sequence with respect to some filtration F; such that

(a) X2 is adapted to Fi_1, and

(b) E (v}|Fi—1) = 02 a.s. for allt, and sup, E (‘vt|2+§‘ft,1> < 00 a.s. for some § > 0.

Under Assumptions 1 and 4, Theorem 3.8 in Park (2003) provides a useful convergence result for weakly
integrated process when m = o (n'!=2/P An2/3) and H belongs to the class of asymptotically homogeneous
functions with asymptotic order x and limit homogeneous function F. In particular, the result implies that
when m — 0o as n — oo, then,

1. < ”) - i[{(xﬂ) —p /o; F(x)D(x)dx (8a)

m
t=1

-1 n
1 n
—n < m> ;H(th)vt —4 N (0,03/

—0o0

oo

F? (x)D(x)dx) (8b)

An important implication of this result concerns the subclass of polynomial functions in the class of asymp-
totically homogeneous transformations. The two results of particular interest here arise when F(z) = 2! for

I = 1,2, in which case the homogeneity function (./%)71 = (mn_l)l/2 and, as m,n — 00,

— 00

> Z (Wxtz)@ — / " D(@)dr = VP (@) (9)

n =
On the other hand, observe that if B(-) is any Borel measurable and totally Lebesgue integrable function
(see Berkes and Horvath (2006)), and in particular, if B(-) = (-)®! for [ = 1,2, then as n — oo,

n

L > L x - — /lv (s)%'ds = V1) (10a)
- —— S =
ni \Vno b2 T 7T Phe

1 n < 1 )@l 1 ( )®l o ( )
— E —X —>d/ Vwo(s)®ds =V, 10b
n Vn nr]3 0 0

Since the asymptotics to follow will also involve covariance asymptotics between two nearly integrated series
or a nearly integrated and purely integrated series, consider also Theorem 1 of Phillips (2009). This result
establishes that joint triangular sequences (Z¢ n, Y1) Which jointly converge weakly to continuous Gaussian
processes (G,(r), Gy(r)), satisfy the following relation for any ¢, — oo s.t. ¢,n — 0 and r € [0,1]:

[nr] oo r
Cnn_l Z yt,ng (Cnxt,n) —>d / g(S)dS/ Gu(p)dLG&L (p’ O) (11)
t=t=1 o 0

where g(-) is a Lebesgue integrable function on R with nonzero energy and Lg, (p, s) is the local time of the
process G, (t). In particular, observe that when ¢,, is a constant, say ¢, = 1, the result implies that when
(Ven, Vo) jointly converge weakly to (V; ¢, Vis0), then

[nr] 1
n=L Z Ve Von —d / Ve (M)Va0dr =V w0 (12)
0

t=1

The following set of assumptions are now imposed.



Assumptions 5.

(a) B(z) is twice continuously differentiable in z for all z € R.

(b) Ar(z) is positive-definite and continuous in a neighbourhood of z. f(z) is continuously differentiable
in a neighbourhood of z and f.(z) > 0.

(c) € has a finite fourth moment E (et|Xt, Zt) =0 and E (ef}Xth) = 052 is a positive constant.

(d) {( X1, Ze,ee,me);t > 1} ds a strictly a-mizing stationary process with the 61-th moment (01 > 2).
E (|eeX31%2|Z: = z) < Cy < o0 with 62 > 61 and a(t) = O (t7°2) for some §3 > min {3201 /(82 — 61),J5,206/(2 — J6) },
where 05 = 0401/(0401 — 01 — 04) for some 04 satisfying 61/(01 — 1) < ds < 2. Also, [|nellge =
(E|7]t|q0)1/q0 < 00 with qo = 6406/(04—86) for some 1 < 8¢ < 04. Further, sup, E (ner_ | Zy41 = z) <
Cy < 0.

(e) f(zo,2s|To,zs;8) < M < oo for s > 1, where f(z0,2s|T0, xs; 8) is the conditional density of (Zy, Zs)
given (Xo1 = xo, Xs1 = Zs).-

(f) The kernel function K(-) is a symmetric and continuous density function with support [—1,1].

(9) The bandwidth h satisfies h — 0 and nh — oo.
(h) n1/2751/4h51/6271/2751/4 — 0(1)

The assumptions above are similar to those imposed in Cai and Wang (2008) and Cai et al. (2009). In
particular, Assumptions 5 (a) and (b) are smoothness conditions while (c) assumes that regression errors
are conditionally homoskedastic. Assumptions 5 (d) is satisfied under standard moment conditions if -
mixing is assumed to have geometrically decaying coefficients and is the weakest condition one can impose
for weakly dependent stochastic processes. Assumptions 5 (e) is a technical assumption required for the
proofs. Moreover, Assumptions 5 (f) is commonly imposed in the literature and implies that the kernel
function K(-) is compactly supported (which can be relaxed at the expense of lengthier proofs) while (i)
and (j) are assumptions on the bandwidth parameter and allow for a wide range of choices. Assumption (i)
in particular is slightly stronger than the assumption nh — oo but it immediately satisfies the selection
criterion h = en™ for 0 < A < 1 and ¢ > 0 required for optimal bandwidths. See Cai et al. (2009) for details.

Consider next the regularity conditions required to establish the limiting distribution of B (2). In this regard,
denote by f.(z) the marginal density of Z; and define the k" conditional moment of X;; with respect to
Zy = z as Ay(z) = E(X3%Z, = 2), for k = 1,2. Finally, for j > 0 define y;(K) = [~ v/ K(v)dv and
vi(K) = [%_vIK?(v)dv, and let

vl aeT vy
A(z) AT AV
Sn(z) = | VDA (2)T v,\2 Vw0 (13b)
VAR Viewo %

() = ( Aa(2) A1<z>véf”> (130

2.3. Asymptotic Properties

To develop the asymptotic properties of B(z), first let D, , = diag {Idl , m_1/2n1/2Id2} and D,, = diag {Idl , n1/2Id2+d3}
where I, is a d; x d; identity matrix, and define Bg(z) = p2(K)B? (2)/2. Observe now the first major

result.



Theorem 1. Under Assumptions 1 to 5, when

(a) Xio is a weakly integrated process with m = o (nl_% An %) do =1 and d3 = 0, then

o~

VhnDi (B(z) = B(2) = h2Bj(2)) —a N (Saw(2)
where N (X5,w(2)) is a multivariate normal distribution with mean zero and conditional covariance
matriz given by Xgw(z) = vo(K)Sw(2) ™/ f.(2)

(b) Xi2 is a nearly integrated process with dy > 1 and d3 = 0, then

VinDy (B(z) = B(z) = W*By(z) ) —a MN (Z5,v(2))

a mean zero mized normal distribution with conditional covariance matriz Xg n(2) = vo(K) (QT Sy (2)Q)

where QT = [I4,14,,0] is a (dy1+do) xd matriz. Whendy = ds = 1 then X5 n(2) = vo(K)Sn(2) "1/ f.(2)

Note that Theorem 1 nests several important results. When dy = d3 = 0 the results of Cai et al. (2000)
are recovered with S5 w(2) = X5, 0w (2) = 02v9(K)Ma(2) "1 f71(2). On the other hand, when ds = 0 and
d3 > 1 the results of Cai et al. (2009) emerge with X5 n(2) = g, 0.85.8(2) = 0209(K)S(2) "1 f71(2) where

As(z) ARV
SE =1 Wy T 2"
Vw,OAl(Z) Vw,O
Theorem 1 also lends insight into convergence rates for V (31>, Vv (32), and V (33> In particular, the
use of local linear fitting to estimate 8 implies that V (B}) is of order O ((nh)_1>, A% (B;) is of order
) (m (nzh)fl) when Xy is weakly I(1) and O ((th)fl) when Xy is nearly I(1). The order of V (33)
is O ((nzh)A) when X3 is a pure I(1) process. Since m = o (nl_% /\n%), it is clear that the rate of

convergence of the variance of 35 is slower in the case of weakly integrated process than nearly integrated
and purely integrated ones. Moreover, it is also clear that when X;s is a nearly integrated process the rates
of convergence of the variances of 85 and (3 are the same.

Another popular approach to comparing the estimators is to consider their integrated asymptotic mean
squared error (IAMSE). In this regard, note that for ¢ = 1,2 and j = 1,2, 3, the TAMSEs for the model with
weakly and nearly integrated covariates respectively, assume the forms

TAMSEw(B.(2) = (h* () [ 157 (s

+ (m™ " nth) 7t /tr (Zg, w(z)w(z)dz

I3 (K) [ 11857 (2)llw(=)dz
R +(n/h)~ ftr (Eﬁj ~N(z )) (2)dz for j=1,2
TAMSEN(Bj(2)) =
I3 (K) [ 1857 (2) w(z)dz
+(n?h)~t [t ( 253 (2))w(z)dz for j =3

8

“E(2),



for some weight function w(-) > 0, where X3, w(z) and ¥g, n(2) are submatrices of dimension d; and d;
along the diagonals of X3 (z) and Xg n(z) respectively, the first elements of which are indexed by (d;, d;)
and (dj,d;). The optimal bandwidth can now be derived by minimizing the IAMSE with respect to h and
obtaining the minimizer h*. It is easily verified that the optimal bandwidth in case of the weak unit root
and near unit models are respectively given by

1/5

= () </ tr(ZBi’W(z))w(z)dz>

g (/ ”3<K)/3§2)(z)||w(z)dz> ~1/5

n—i/5 (f tr (ZﬂJ (2’))111(2)dz)_11//55
< ([P (lw()dz) T for j=1,2

*
N —

n—2/5 (f tr (Xp,, N (z))w(z)dz)jl/j5
< ([ 1BU)1B7 (w(z)dz)  forj =3

4

The above implies that the minimal IAMSE has order O ((m_“‘lni) ) which becomes O ( —3(1=) An~35

for some p > 2 in case of the weak unit root model since the configuration assumes m = o (nl

In contrast, the orders of the IAMSE for the near (1) model are O (n=%/%) for j = 1,2 and O (n=/%) for
j = 3. In either model it is clear that a single optimal choice of h is not possible for all elements of 3(z). The
reader is referred to Section 2.4 of Cai et al. (2009) for a two-step estimation procedure which guarantees
optimal convergence rates for all elements of 3(z). Note in particular that in the nearly integrated model
since B2(z) and f3(z) can be optimized with a single optimal bandwidth hy , 3 = O (n_s/s), the two-step
procedure can be applied here as well with minimal adaptation.

3. Models with Integrated and Nearly Integrated Z;

Establishing results when Z; is an integrated or nearly integrated process can be quite complex. Technical
details for general models are still under development and the working paper of Gao and Phillips (2013)
in particular is developing limiting results for models with nonstationarity in both the regressors and the
varying coefficient components. Accordingly, the approach here considers the model in equation (1) when Z;
is a univariate near I(1) or univariate pure I(1) process and X; is a d-dimensional nearly integrated vector
of covariates.

As in Section 2, the model in this section assumes §(z) is twice continuously differentiable with its local
linear estimator again given by equation (4). Moreover, since Z; is a nearly (possibly purely) I(1) process,
it can be expressed as

Zt = (]. — Cz/n)thl + é-t (14)

where ¢, is any non-negative constant and n is the sample size. Recall that when ¢, = 0, Z; models a pure
I(1) process and when ¢, > 0, it generates a near I(1) process. In either scenario, & is assumed to be a
mean zero I(0) linear process satisfying
Assumptions 6.
(a) For some & >0, E|&]**0 < co and Y77 al(k)kPH9)/0 < o0,
9



(b) For somey > 243 with0 <5 <2 and X = \(0) > 0, E[&]” < 0o and 5o a(k)Y/ =17 < o0
Similarly, as in Section 2.2, for ¢, > 0, X; is a near I(1) process

Xt = (1 - Cx/’l’b)Xt_l + Mt (15)

satisfying Assumptions 2. Furthermore, let W; = (XtT ,Zt)T and consider a real matrix of coefficients
C; = (cj,kl:1 < k,l <d+ 1) which satisfy W, = Z;io Cje¢—;. Finally, impose the following set of as-
sumptions.

Assumptions 7.

(a) {€:} is a sequence of IID continuous random vectors with E (e1) = 0, a positive definite matriz X, and
finite fourth order cumulants.

(b) 72 |ul|pe(u)|du < oo where p(u) is the characteristic function of €.
(¢) [7, |p(z+y) — pe(x)|dx < c|y| for each y and constant c., where p.(-) is the density of e1.

(d) E (|le1]|**) < oo for some ¢ > 0 such that 2¢* + 4¢ — 5 > 0.

(e) Z;io cjmad for|z] <1landcjp =0 (j7) as j — 00 and s, > 1 satisfies s, +1/2 > 2+4¢ > 2/(c,—1)
with ¢ defined in (d) above.

(f) G =0 (€ty...,€1;411,t,---1E—00) beao- ﬁeldgenemted by {(€&,¢5) : 1
(et|gt 1)—0 almostsurely (a.s.), E(et ‘Qt 1) =02 a.s. andE(

where 0' > 0.

<i<t;—oo<j<t+1} where
ﬂgt_l) <00 a.s. forallt>2

(9) Let W o(r) = n~'/? ZthrlJ er and Wy (r) = (‘/'Cmn(r)T7VCzn(r))T where similar to equation (5a),
Veun(r) = n7Y2X ) and Ve o (r) = n~Y2Z,, . There ezists a Skorohod space D[0,1]4+2 on which
(Wen(r), Wi (1)) —a (Veo(r), V(1)) as n — oo, where (Ve o(r), Vip(r)) is a vector stochastic pro-
cess, Veo(r) is a Brownian motion process, Vi, (r) = (Vi ¢, (1), Ve, (1)) and V; ¢, () and Ve, (r) are
Ornstein- Uhlenbeck processes with parameters ¢, and c, respectively, when cg,c, > 0. When ¢, = 0,
Ve o(r) is a Brownian motion.

(h) K(-) is a continuous, symmetric, non-negative and bounded probability kernel function satisfying
S u|| K (w)du < co.

(i) Let h — 0 and nh — 0 as n — oo.

The assumptions above are a close adaptation of Assumption A.1 in Gao and Phillips (2013). In particular,
assumptions (a) - (e) ensure that W; is stationary and a-mixing and accommodates contemporaneous endo-
geneity between regressors, varying coefficient components, and regression residuals, whereas assumption (f)
and (g) allow for heteroskedastic residuals ¢;. It should also be noted that a similar set of assumptions also
exists in Phillips (2009) and Wang and Phillips (2009) although the latter did not consider contemporaneous
endogeneity between covariates, coefficient components, or residuals.

Theorem 2. Under Assumptions 2, 6 and 7, let Xy and Z; be defined by equations (14) and (15) with
ce >0 andc, > 0. Then, as n — o0,

Vi (B(z) = B(=) = 2By (2) ) —va MN (25)
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a mean zero mized normal distribution with conditional covariance matriz

1
S5 = o?uo(K) / Voo VT, dLy, (1,0
0

There are several important remarks to note at this point. Observe in particular that Theorem 2 implies the
asymptotic variance of 3(z) has order O (h~'n=%/4). This is clearly larger than O (h~!n~!) which arises in
the case of stationary Z;. In fact, this is also in clear contrast to the case of stationary X; and nonstationary
Zy considered in Cai et al. (2009) where the asymptotic variance of 3(z) has order O (h~'n~1/2). On the
other hand, the asymptotic bias term h?Bg(z) remains the same in all three scenarios. This of course is
to be expected since the bias term arises as the result of using local linear estimation. These observations
readily lead to the IAMSE of 5 given by

TAMSE = / (ih“ug(K)Hﬂ(z)(z)l +h7in T e (z,;)) w(z)dz

for some non-negative weight function w(-). Note further that minimizing the TAMSE with respect to h
renders the optimal bandwidth h as h* = en=3/20 for some ¢ > 0. Although this is significantly smaller than
the optimal bandwidth derived when Z; is stationary, it is nonetheless somewhat larger than the optimal
bandwidth obtained in the case of stationary X; and nonstationary Z; in Cai et al. (2009).

4. Concluding Remarks

This paper has analyzed the time varying coefficients model when covariates are nearly (possibly weakly)
integrated and time varying coefficients are stationary or nearly (possibly purely) integrated. Along similar
lines of reasoning to Cai and Wang (2008) and Cai et al. (2009), time varying coefficient components in
this note were estimated nonparametrically using the the local linear fitting scheme and their asymptotic
properties were derived using local time asymptotics. In particular, when Z; is stationary, the asymptotics of
time varying coefficient depend on whether the covariates X; are nearly or weakly integrated. Nevertheless,
the rate of convergence of the variance of time varying coeflicients remains the same regardless of whether
X, is a near or pure I(1) process. On the other hand, the asymptotic analysis of Section 3 with nearly
integrated covariates and nearly (possibly purely) integrated time varying components produces estimators
with variances of larger order than in the case of stationary X; and Z, and stationary X; and pure I(1) time
varying components considered in Cai et al. (2009). Similar conclusions also hold for the optimal bandwidth
choices. In this regard, although not explicitly analyzed here, the two-step estimation procedure considered
in Cai et al. (2009) to deal with optimal bandwidths of different orders in the stationary Z; models clearly
continues to hold with nearly (weakly) integrated covariates as well. It is also worth mentioning that this
note has answered several appeals in the literature to develop a theory for time varying coeflicient models
when both the covariates and time varying components are nearly integrated process. To the best knowledge
of this author, this article is the first such contribution. Finally, given the importance of nearly (weakly)
integrated process in financial and macroeconomic modelling, it is warranted to encourage the use of methods
developed here in relevant empirical studies.
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Appendix A

Proof of Theorem 1. The proof follows the proof of Theorem 2.1 in Cai et al. (2009). In this regard,

1 0 10
define H,, ., = (O h) ® Dy and H,, = (0 h) ® D,, and note that

<AB(Z) ) — Sm,n(z)_ln_liKh(Zt —Z)

A\ BW(2)
x Y, <Zt,1z,h> ® (D!, X) (16a)
B\ z -1, -1 S
Hy <5“(> (l)) = Sn(2)"'n ;Kh(zt )
xY; (Zt,lz,h> ® (D, ' Xt) (16b)

where Z; . p, = h™' (Z; — z) and Sy, ,(2) and S,,(2) may be partitioned as

Sn,l(z) Sn,4(z))
Sn,2(z) Sn,7(z)
Sn,4(z Sn,7(z) Sn,5(z)

where for j =0,1,2,4,5,7,

Smng(2) =0 VS Kn(Z, - )20, (D1, X0)
t=1
)®2

Snj(z) =n""> Kn(Z: - 2)Z] " (DX
t=1

Note in fact that Sy, ;(2) and S, ;(2) can further be partitioned as

Smn () = m,n,j,0 m,m,j,
i (2) <Fm7w‘,1(2)T Frnn,j2(2)
Frjo(z)  Fnjai(z)  Fujs(2)
Snj(2) = | Faja(2)T Fujo(z)  Faja(?)
Frj3(2)T Foja(2)T Fujs(2)

where
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Fm,n,j,o( ) = Fn,j,O(Z)

n~! Z ZI T K (2 — 2) X X))

Frnji(z) =m /F 1,,0(2)

1ZK’L g;n;;d 3X m1/2 71/2XT

Frnj2(z) =mF, ,j, 2(2)

®2
n-1 Z Zg ;n;:d 3Kh (Z, — ) (ml/zn—l/th2)

Fojs(z) =n"" Z ZI Ky (Ze — 2) Xun T2 X
Fpja(z) =n"" Z Z] T K (2 — 2)n T P X an T2 X

®2
Fojs(z) =n"! Z 2L K (2 - 2) (n Y2 X )

For [ = 1,2, also define the quantity

* _nflzzj mOd3X®lKh(Zt_Z)

n,J,l t,z,h

Note further that X;; and Z; are stationary. Accordingly, with a change-of-variables transformation applied
to Kp(+) and a Taylor expansion argument on the resulting density functions, the following holds.

EF} Z’ ,Od XK (2 — Z))
= f2(2)M1(2)14j moa 3(K) + o(1)
VE; ;1(z) = O((nh)™")
=o(1)

where the last line above follows from Assumptions 5 (g). Accordingly,

i (2) = [2(2) Mi(2) 15 moa 3(K) + 0p(1) (17)

and therefore

Frngo(z) = Fojo(2) = Fy ;5(2)
= f.(2) Mi(2)11j mod 3(K) + 0p(1) (18)
Consider next Ff = o (X1, Z; : t < 1) as the smallest o-field containing the history of (X1, Z;) and define
e = Kn(Z = 2) 725 Xy — B (Ku(Z— 2)Z0 75" * Xt ). Also, let Vi = m'/2n~1/2X ;5 and note that
14



Vin|nr| = m 2V, (r) where Vi, (1) was defined in equation (5a) for any r € [0, 1]. Moreover, for 0 < § <1,
set N = |1/6], tp = [kn/N| + 1, t{ = ty41 — 1, and ¢§* = min {¢},n}. Then, replacing U, in the proof of
Cai et al. (2009) with V,,,,,; here, yields the following result.

N-1 tk
3 Vo = X 3 o
k=0 t=ty
N—1 t3*
nl Z Z ‘E(ankvmnteket) ‘
k=0 t=ty
N—1 t3*
=n! Z Z ‘E (ankVnmtE (eketlzk’ Zt)) ’
k=0 t=ty
Next, note that
N—1 t3* N &
_1 ‘
n E (exet| Zk, Z, )5* sup B ¢
k’z—;) tZt: ( t‘ t) N 0<k<N-1 tzt: '
= =lk *
t+on
<supE €
t<n < Z )
< Ch™!

where the last line follows from the result

s+a
supV ( Z et> = O(ah™")

520 t=s+1
Accordingly,
N—-1 tk
*Ivamel <ch ity Zj Vi Vinnt)
k=0 t=ty,
<Ch 'supE Vi

By equation (9), since n=* Y | V2, converges weakly to V[() )(x), the expectation in the last line above is
O(m/n). Accordingly, the fact that m/n — 0 along with Assumptions 5 (g) ensures that

nt Z Viuni€i = O (m(nh)_l) —0

Again, invoking equation (9) and the conclusion above, it follows that

Fm,n,jyl(z) =E (Kh(Zt )Zt] zm}(l)d 3Xt1) TL71 Z ant + TL71 Z aniei

= fZ(Z)Ml(Z),UJj mod 3(K)V,El) + 0[)(1) (19)

15



Similar reasoning also produces

Frnng2(2) = f2(2)1 mod 3(K)V + 0,(1) (20)

Consider now the case when m = ¢ and Xys is a nearly integrated process. In this case, let Vi = n=/2X;o
and note that Vi, ny| = Ven(r) where Vi, (r) was also defined in equation (5a). In this case, equation (10a)

implies that n=* S°1 | V.22 converges weakly to Vn(zc)(x) and it is not difficult to show that

n

nt Z Veniei = O ((nh)*l) —0
i=1

Accordingly, it follows from the above that

Foja(2) = f2(2) M1(2) 15 mod S(K)Vn(,lc) +0,(1) (21a)
Frji2(2) = f2(2) 1) moa 3(K)V, %) + 0,(1) (21b)

Similar reasoning was used in Cai et al. (2009) to derive F), ;3 and F), ; 5 where

Frja(2) = £2(2)Mi(2) 1) moa 3(K)V. ] + 0, (1) (22a)
Frj5(2) = f2(2)11 moa 3(K)V.S) + 0p(1) (22b)

What remains to be shown is the limiting form of F, j4. To do so, define & = K,(Z; — z)th;nzd 3

E (Kh(Zt — z)Zg,ffzd 3) and Voons = n~Y/2X;on~1/2X; and note that for r € [0, 1], the results in Phillips

(2009) demonstrate that Vg, nr converges to Vj . 0 where the latter is defined in equation (12). Again,
invoking the methodology used above, it can readily be shown that n~! Z?:l Veoni€; — 0 and therefore

n n
Fn,j,4(z) =E (Kh(Zt - Z)Zj med 3) n~! Z Veont + n~! Z Veoni€i

t=1 i=1

= f2(2) 1) mod 3(K) Vi c,w,0 + 0p(1) (23)

Noting that po(K) = 1 and pq (K) = 0 and plugging equations (18) to (20) into Sy, »,;(2) and equations (18),
(21a), (21b), (22a), (22b) and (23) into S, ;(z) then yields

1 0
Smn(2) = f2(2) (O H2(K)) ® Sw(z) + o0p(1) (24a)
1 0 0
Sulz) = 1.(5) [0 ma() 0 ) @Sw(z)+o,(1) (24b)
0 0 p2(K)
Denote next by Ry, n(2)”' and R,(z)"'the d x d submatrix in the upper-left corner of S,,,(z)~! and
Sn(2) 7! respectively. In fact, it follows from equations (24a) and (24b) that
Rm’n(z)_l = fZ(Z)_ISW(Z)_l +0,(1) (25a)
Rn(2)7" = f2(2) 7' Sn(2) 7 + 0p(1) (25b)



Moreover, from equations (16a) and (16b) it follows that

Do (B(2) = B(2) = Bunnt + Emnz

D, (B(z) _ 5(2)) = Epi+ Ens

where
Em,n,l - Rm,n(z)_lev”(Z)
Em’mg = n_l ZKh(Zt - Z)etD;z%nXt
t=1
En,l = Rn(z)ian(z)
Eno=n""! Z Kn(Z; — 2)eD; ' X,
t=1
and

Bpn(2) =07 "> Kn(Z — 2)XP°D,,},
t=1

x (B(2) = B() - (Z = )80 (2))

n
Bu(2) =n"" Y Kn(Z — 2)X°D,*
t=1

x (8(20) - 8(2) = (21— 2)89(2))
Similar to Sy, (z) and S, (z), here By, »(z) and By (z) admit the following partitions

o Gno(2) + Gni(2)
Bn(z) = (Gm,:,Q(Z) + Gm,n,B(z))
Gnﬁo(Z) + Gn’l(z) + Gn,g(z)
Bn(Z) = (Gmg(z’) + Gn74(2) + Gn’5(2))
Gnﬁ(z) + Gn77(z) + Gmg(z)

where
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(26a)

(26b)

(27a)
(27b)
(27¢)

(27d)



Gno(2) =n"" Y Kin(Z — 2)X3°

t=1

< (B1(20) = B1(=) - (2 - )8 (2)

Gmmi(2) ="' Kn(Z — 2)Xam!*n= 12X}

t=1

< (Ba(20) = Ba(2) = (20— 2)85(2))

Grmn2(z) = nt Z mfl/in/QKh(Zt — z)m1/2n*1/2Xt2XtT1

t=1

< (B1(20) - B1(2) = (2= 2)8(2)

Gm,n73(z) — n*l mel/in/QKh(Zt _ Z)mn71X2%2
t=1

% (Ba(20) = Ba(2) = (20— 2)8(2)

and similarly

Gni(z) = nt Z Kn(Z; — z)Xﬂn_l/th—g

t=1

% (8a(20) = Bo(2) — (Ze = 2)8"(2)

Gra(z) = n~t Z K, (Zy — z)Xﬂn_l/QX;g

t=1

< (Bs(20) = (=) = (20~ 28 (=)

Gna(z)=n""! Z n2K(Zy — 2)n V2 X X,)

t=1

< (B1(20) = Bi(2) = (20 - 28" (=)
Gna(z)=n""! i n2 Ky (Zy — 2)n 1 X 52
t=1
< (B2(20) = Ba(2) = (20 - 28" (=)
Gns(z)=n""! zn: n2 Ky (Z — 2)n" V2 X on V2 X )

t=1

< (Ba(21) = Bal2) — (e = 2)8(2))
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Gne(z) = nt Z nl/gKh(Zt — z)n_l/QthXt—g

t=1

< (Bu(Z) = Ar2) ~ (- 28(2)

Gni(z) = n~t Z n1/2Kh(Zt — z)n_l/Qthn_l/th—g

t=1

< (B2(20) = Ba2) = (20 - 28" (=)

Grs(z) = n~! Zn1/2Kh(Zt — z)n*1X§2

t=1

< (85(20) = Ba(2) = (2 = )8 (2)

Making use of Taylor’s expansion, similar arguments which yield equations (18) to (20) can also be used
here to show that

B (Gua) = M) 51aBP ()] (14 o) (29)
\% (Gn,O) = 0(1)
where V (+) is the variance operator. Accordingly,
G = 121, (9002(2) 31203 () (14 (1)
and it can be shown that

G = 121 MRV (a5 ()) (14 0,(1)

G = 1L VS M () T 20 (Gl K)67 () ) 1+ 0y(1)
1

Gonnis = WLV 20 (Ga(K)B () ) (14 0,(1)

Similarly, it can also be demonstrated that

1

Sha(K)57) (2)

G =B f.(2) My (2) V(0T ( (14 0,(1))

Goa = LMV (5057 () (L4 0,(1)

Gua = W (VD) T2 (a3 2)) (14 0,00)

Gua = W21V (G038 ()) (1 4 0,(1)
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G = WL (Wsoan”* (Sa(BO32 ) ) (14 0,(1)
G = W2V 0 (GalE)67 ) ) (14 0p(1)
Gt = W2V 51al BI85 () ) (14 0p(1)

Gus = 1L VS (Gual B3 2) ) (14 0,(1)
Now, inserting Gy, n,; and Gy, ; for ¢ = 1,...,6 back into By, , (%) and B,,(z) respectively, implies that

Boun(2) = 12 £S5 KVIP () ) (14 0y(1) (30a)
Bu(2) = I2L2Sw(2)Ds 510203 () (14 0,(1) (300)

Moreover, noting equations (25a) and (25b) and inserting the above into equations (27a) and (27¢) implies
that

D;m,lnEm,n,l = hQBB(Z) + Op(hQ)
Drleﬂ,l = hQBB(Z) + Op(hQ)

Next, consider equations (26a) and (26b) and note that

Enninz = D (B(2) = B(2) = Dyl )

= D (B(2) = B(=) = 2 Bs(2) + 0,(h?))
B() — B(2) - Dy Eny)
2) = B(2) = h*Bs(2) + 0p(h?))

In this regard, define

where
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Tm,n,l = Tn,l

h n
= \/;Z Kh(Zt — Z)etth
t=1

1/2
Tm,n72 =m / Tn,2

h n
=14/= Z Kn(Z: — z)etml/gn_l/gth
n

t=1
h - —1/2
ng = g Z Kh(Zt — z)etn Xt3
t=1

and note that

Vih D (B(2) = 8(2) = 12 Ba(2) + 0p(h%)) = Runin(2) ™ Tonn(2) (31a)
VahDy (B(2) = B(2) = h2Ba(2) + 0p(h%)) = Ra(2) "' To(2) (31b)

Asymptotic normality of equations (31a) and (31b) can now be proven by establishing asymptotic normality
of T, n(2) and T),(2). Since T},1 = Ty,,5,1 contains only stationary variables, it follows from Cai et al. (2000)
that

Tni(z) =Thi1(z) —¢ N (07 O'EQVQ(K)fz(Z)MQ(Z))
= Vro(K)f:(2)We(1) (32)

where W,(1) is a dj-dimensional Brownian motion on [0, 1] with covariance matrix o2My(z). Moreover,
since the first element of Xy, is unity, it follows immediately that

\/ZZ Kn(Z: — 2)es —a N (0,0200(K) f2(2))
= VO(K)fz(Z)We,l(l)

where W, 1(r) is the first element of We(r). Moreover, by equation (8b) it now follows that

o

1/2
Ton2 —da VVo(K)f2(2) (/ xQD(x)dx> We1(1) (33)

—00

Now, putting equations (32) and (33) together implies that

We(1)
Tm,n(z) —q Vo(K)fa(2) ((ffooo ;UQD(x)dx) 1/2 We,1(1)>
It is now clear that T, () has a multivariate normal distribution with the conditional covariance matrix
We(1)
of ((ffooo xQD(x)dm> 1/2 W5,1(1)> being
21



OB
062 @ 2(2) . 1(2)(2)D _ O_QSW(Z)
Vp ' Mi(z) Vb

On the other hand, invoking Lemma A.1 of Cai and Wang (2008) now implies that

Tho—ra Vo(K)f.(2) /_(X> Vi,e(r)dWe 1 (r) (34a)
Ths —sa VoK) (2) /_ Vo)W (1) (34D)

Putting equations (32), (34a) and (34b) together implies therefore that

We(1)
Tn(z) —a Vol (f Vie(r)dWe, (T))

7 Vio(r)dWe(r)

Since W(-), Vy.e(+) and V,, o(+) are mutually uncorrelated, it follows that T;,(z) has a mixed normal distri-
We(l)
bution with the conditional covariance matrix of f Vie( dWe 1(r) | given by

f Vw O We,l (7“)

As(z) AT A=)V
o? Vn“cA(z) v, Vyewo | =028n(2)
JAD)T Viewo v

Finally, invoking Slutsky’s theorem implies that
VihD (B(z) = B(2) = h2Ba(2) + 0, (h*))

1/2 We(l)
—ra [ ()0 (K) Sy (2) ((foo xQD(:JS)dgC)l/2 W, 1(1)>

and
VahD,, (E(z) — B(2) — h2By(2) + op(h2)>
We(l)
—ra 72 (K)S3 ) | 25 Vae(r)dWea ()
f Vio,o(r)dWe(r)
Demonstrating that Yg(z) takes the form specified in Theorem 1 should be clear. This completes the
proof. O
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Appendix B

The proof of Theorem 2 relies on several auxiliary results contained in the lemmas below. In this regard
define K 5, (v) = (£)?h~ K (%), where K} j,(+) is continuous with compact support. Moreover, redefine S, (2)
as

- 1
Sn(z) = WZKh(Zt — Z) (th h) ®Xt®2

where as before S, ; = n~%23"1 | K;,(Z — 2)X?? for j = 0,1,2. Note further that S, ; can be expressed
as

c n
Sn,j = Zn ZXE??’%KJ (cn (Zt,n —2n))
t=1

where ¢, = n'/2h1, Xin = n~Y2X,, Ly = n~127, and z, = n~'/2z. Observe here that z, — 0 for any
fixed z while z,, = bif z = n'/2b for any constant b. The following set of results lead to the proof of Theorem 2.

Lemma B1. Let {O,1}, {97,}, and {U:}} be sequences of random variables. Let uy , be a process defined
as

Lg% * . oQkk *x
uk,n:fn(qgnlw--aﬁnkvﬁnla"w nkyYnls+ > nk)

where fp(-;+;+) is a real function of its components. Furthermore, let {F, ;:1 <k <n} be a sequence
of increasing o- fields such that {Uy k41, Fnk : 1 <k <n} is a martingale difference sequence and uy , is
adapted to Fp , for alll1 <k <mn andmn > 1.

(a) Let {ﬁ:b,k_,'_l,/lgn’kJrl,fn’k 1<k < n} be a martingale difference sequence where {Unr} and {U},}
satisfy the following conditions as n,m — oo

max |E (0 o1 | Fok) — o3| — 0 a.s.

m<k<n

2
mngl%}g(n |E (ﬂn,k—l-l | Fn,k) 0'19’ — 30 a.s.

for some 05 >0 and 03, > 0, and for some § >0

max (E (’1% k+1‘2+6 ‘ Fn k) +E (‘19; k+1|2+5 ‘ Fn k)) < 00 a.S.
m<k<n ’ ’ ’ ’
(b) Let {ﬁ;fj 1] > 1} be F,1-measurable for each n > 1, and there exists a sequence of positive constants

d,, — 0o and a Gaussian process Vg« (r) such that d,,* ZJLZJ V)

% —a Vo (1) on D[0,00). Moreover,

Viges (1) is assumed to be independent of Vg« (1) where the latter is the weak limit n~"/? ZJLZIJ O i1 —d
Vs (r) on D[0,1].

(¢) Let maxi<p<n |ukn| =0,(1) and n=1/23"0_, |ukn’

23
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(d) There exists a random variable T (9*,9**) > 0 such that T; = Y0 _, ui ,, —a T (9%,9**) as n —
0.

Then, it follows that T,;! > oreq Uk nn 1 — N(0,1).

Proof of Lemma B1. The proof follows directly from an extension of the martingale CLT of Hall and
Heyde (1980) in Theorem 2.1 of Wang (2011).

Lemma B2. Let X; and Z; be defined as in equations (14) and (15) and suppose Assumptions 2, 6 and 7
hold. For all 0 < ¢, < n and 0 < c, <mn, j =0,1,2, r € [0,1], and ¢, = /nh™' — oo such that
con™t — 0 if z is fived,

*1ZXM K (en (Zom — 2n)) —p ti3(KC /v (1) Ve (1) dLus... (1,0)
‘1ZXMX K? (e (Zem — 2n)) —p vj(K / ea (1) Vo (1) TdLy, . (1,0)

When z = n'/2b the result continues to hold with Ly, .. (1,0) replaced with Ly, ._(1,b).

Proof of Lemma B2. The results ensue immediately from Remark (b) of Theorem 1 of Phillips (2009)
by noting that g(z) = xa ' is locally integrable and that Assumptions 6 and 7 satisfy Assumptions 2.2 -
2.4 of Phillips (2009). A similar result exists in Gao and Phillips (2013). Note further that when ¢, = 0,
Ly, ,(1,-) is the local time of Z; when it’s a pure I(1) process. O

Lemma B3. Let X; and Z; be defined as in equations (14) and (15) and suppose Assumptions 2, 6 and 7
hold. For all0 < ¢, < mn and 0 < c, <n, j = 0,1,2, r € [0,1], and ¢, = \/nh™' — oo such that
cpn™t — 0 if 2 is fized,

h
3/22)@( K3}, (2 — 2) —va olv(K / niea Ve, dLvy, . (1,0)

Proof of Lemma B3. The proof is inspired by results in Phillips (2009), Sun et al. (2013) and Gao and
Phillips (2013). Let p; (- | X) denote the conditional density of Z, given X; = X and define ¢(- | -) as the
X, _ X

conditional density of \Zf given N Note further that a change of variables argument implies that

e (Z | X) = 7% (W ‘ W) Next, recall that X, has dimension d x 1, let J = (Ji,...,J4)" be any

vector of real numbers such that J'.J = 1, and define X; = J'X;. Finally, recall the assumption that
02 =E (e} | Z;,X;) and observe that
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n3 —
- i B (e (45))
e ye (e (i (27) [ )
i (0 o (U5 1) )
< nagfhzngltzo(nmh) o(1) (35)
o

Equation (35) follows since E (X;*) = O(1), the integral expression is bounded and y/nh — oo. Next, let
pst (- | Zs, Xs, X¢) denote the conditional density of Z; — Z given Z;, X5, X;. Moreover, if qq (- | Zs, X5, Xt)

).

denotes the condltlonaldensrnyofz\t/f given Z,, X, Xy, thenpg (7 | Zs, X5, Xt) = (t— )’1/2qst (\/tZT s, X,
Similar reasoning to equation (35) now yields the covariance result below.
n 1
(f |Ztht S *2 342 Zs — i — %
E | X“X[°K; K;
n3h2 ;; h J h
n t—1
2 y*2
~ i 2w (e (1 (%) (27 [ o)
t=2 s=1
n t—1 _ 7 7 2
2 y*2 s s
~ i am (e (1 (2 ) m (i (2724 2 [ 2,0 )
t=2 s=1
n t—1 fore) wh h
E (X2°X}? / K; ( / K;( st | —— | X, Xy | ——d
n3h2§§:1 (Oo j(w+y)gse s t f—sw
h+z h
X qy <y 7 X37Xt> ﬁdy
2 n t—1
o 1 1 1
<=3 0< )0(1) (36)
=3
e VORI n3/2
Equations (35) and (36) now imply that
E (e | Z:, X¢) - 7y — 2 ?
— 5 E > XIK; =
t=1
o? = waper (Lt — %
T 3h2 ZE<Xt K; ( h >)
n t—1 Z 7 2
E( X?X?K; K; [ 24—
s (s (207 1 (27))
=o(1) (37)
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and Lemma B2 ensures that

0’2 n Jy— 2z
nS;QhZXtXtTKJ?( - ) g a—gyj(K)/O Vye Vil dLy, . (1,0) (38)

Zy — 2
n3/2h ZX*X*TKQ( th ) —q 02V (K / V2 dLy,. (1,0) (39)

where V. is defined in the same way as V;, ., when n; is replaced with J 1. The result follows by noting
that K, (v) = h=1K;(v/h). O

Lemma B4. Let X; and Z; be defined as in equations (14) and (15) and suppose Assumptions 2, 6 and 7
hold. For all0 < ¢, < n and 0 < c, <n, j = 0,1,2, r € [0,1], and ¢, = \/nh™' — oo such that
et — 0 if 2 is fized,

4 XX (B(2) - BE) - BY) (2~ ) Kgn (2~ 2)

1
—aq h?Bg(z) / Vieo Ve dLy, . (1,0) + 0, (h?)
0

Proof of Lemma B4. The limiting form h%?Bg(z) fo Vice Vn—'—C dLy, . (1,0) follows directly from Lemma
B2 by similar arguments found in the proof of Lemma B3 and a Taylor’s theorem application to 8 (Z;) —

B(z) — BM(2) (Z; — 2) as in Equation (29). What remains is to demonstrate that the limit is o,(h?). To do
this it suffices to show that E {31, X;? (8(Z,) — B(2) — B (2) (Z, — 2)) K; (Z‘h_z)}2 is O, (h*).

—n31h22E(X;4 T (Bh+2) - Bl - 8O n) K2 <y>qt(y’”‘}t‘z Xt) jidy>
- = ? h+z h
_ n31h2t§:1E X A (;ythﬁQ)(z)-i-O(hQ)) K2 (y) t(y}; Xt) \/gdy>
R B3(2) + o (h*)

for some positive constant C. Turning next to the covariance result, consider the following.
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for

some

po

n3h2 — s z
< (B(Ze = Zot 22) = B2) = BV() (Ze ~ Bt Zo
1 n t—1
= 372 z
2 s=1

<

(@)~ 8- 80 (7~ ) 1 (20 ) &
iz ZZE{X:QX:“‘E((ﬁ (Zs) = B(z) = B
(@)~ 8- 80 (21 - ) K, (2 ) i

+hZZE{X X;2 (8(2,) - 8(2) -

< (520 - 5() - 8(:) (2 z))KJ(Z‘

= o(h®) + o(h*) = o(h*)
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1 00)
oo (2 505) gl (25 )
MAECE o) ; é T = (1802 4o (1) 0 () -
sitive constant C. Obser kn ext that Equations (40) and (41) imply that
nhE{ZX ( — B K (Zh )}
— ZE{ ( —B(z) — (Z—2)) K2 <Zh




This completes the proof. O

Moreover, replacing Y; in equation (4) by Y; = X,' 3(Z;) + ¢; further implies that

-1

B(z) — B(z) = ( /0 1 Voo (M Vipeo (r) TdLy, (1, 0))

X

{nl/ S XX (520 5(2) =BV (=) K (2 )

+ TL3/2 ZXtetKh (Zt — Z)}
—1

= ( /0 Vieo (M) Vi (T)TdLVE)CZ(l,O)) (B1 + B2) (43)

where

Bi= i 3o XX (3120 - 86) = 506) (=) Ka (2=
By=— ;Xtetm (Z: - 2)

Moreover, note that Lemma B4 and Equation (43) now imply that

Vil (B(z) = B(2) = 12 Ba(2) + 0p(h?) ) = Vn¥/2Bs + 0,(1) (44)

and the theorem will follow if it can be shown that Vhn3/2By —s; MN (Xp,) where by Lemma B3,
Yp, = o2y(K fo V2 dLy,, (1,0). In this regard, recall from Lemma B2 that equation (39) implies that

h

1
s ZX*X*TKOh(Zt —2) —q o20p(K) / V2 dLy, . (1,0) (45)

0

where X} = J*T X; and J* = (J5, ..., J;)T is any real vector satisfying J* ' J* = 1. Using the Cramér-Wold
device, it stands to argue that

Vhn3/2By = 7 Zx*e;Kh (Zi — 2) —a MN (0,%5,) (46)
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where equation (46) follows by Lemma B3 and Lemma B1. To see this, observe that Lemma B1 can be
invoked here using the following notation:

U tr1 = €
?9:” = J*Tﬁt
19::2 = J*Te’:‘l_t
1 1 Zt —Z
n=——4X'K
o Vhnt/2 ynt < h )
where J*T = (Jl*T, ceey JC}‘T) is a real vector satisfying J*TJ* = 1 and X; = J*T X;. Moreover, let Foit =

o (€, ..., €1;€¢, €41, . ..) be generated by {(e;,¢;) : 1 <@ <t,—oo < j < t}. Note further that Assumptions 7
and equation (45) imply Assumptions (i), (ii), (iii), and (iv) of lemma B1, respectively. The Kolmogorov
inequality now implies that

1 Zy — z C
- —1y#2p2 (4t "% < v _
P (fgtaéxn ‘ut,n| > (5u) < Jnh 11%1tagan (n XK ( . )> < Jah o(1) (47)
for any small d,, > 0. Note that equation (47) implies that maxj<;<p |utn| = 0p(1). Lemma B1 now implies
that equation (46) holds and this completes the proof. O
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